The scheme of quantum teleportation, where Bob has multiple (N ) output ports and obtains the teleported state by simply selecting one of the N ports, is thoroughly studied. We consider both deterministic version and probabilistic version of the teleportation scheme aiming to teleport an unknown state of a qubit. Moreover, we consider two cases for each version: (i) the state employed for the teleportation is fixed to a maximally entangled state, and (ii) the state is also optimized as well as Alice's measurement. We analytically determine the optimal protocols for all the four cases, and show the corresponding optimal fidelity or optimal success probability. All these protocols can achieve the perfect teleportation in the asymptotic limit of N → ∞. The entanglement properties of the teleportation scheme are also discussed.
I. INTRODUCTION
Quantum teleportation [1, 2, 3, 4] is a fundamental and important protocol for quantum information science and technology, by which an unknown quantum state is transfered from a sender (Alice) to a receiver (Bob) exploiting their prior shared entangled state (and with the assistance of classical communication). In the original (or standard) teleportation scheme for transferring a state of a qubit (quantum bit) [1] , Alice first performs the Bell-state measurement on the state |χ in to be teleported and her half of a maximally entangled state |ψ − AB = (|01 − |10 )/ √ 2. She then tells the outcome k to Bob via a classical communication channel. To complete the teleportation, Bob applies a unitary transformation σ k to his half of |ψ − AB , where σ 0 ≡ 1 1 and (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. Note that continuousvariable teleportation schemes have also been proposed and intensively studied [4, 5] , where an entangled state on an infinite dimensional Hilbert space is employed. In this paper, however, we exclusively consider the schemes with discrete (spin) variables in a finite dimensional Hilbert space (though we also consider the limit of infinite dimension).
The quantum teleportation offers a more powerful function than simply transferring an unknown state [6, 7] . Consider that the state |ε = (1 1 ⊗ ε)|ψ − AB , instead of |ψ − AB , is employed for the standard teleportation scheme, where ε is an arbitrary quantum operation. Bob then obtains σ k ε(σ k |χ in ) as an output of the teleportation procedure, and thus, obtains ε(|χ in ) when the outcome of the Bell-state measurement is k = 0. This implies that the operations of the Bell-state measurement and the post-selection of the event with k = 0 (these operations are denoted by G as a whole) can perform the processing of |χ in → ε(|χ in ) such that G(|χ in ⊗ |ε ) = ε(|χ in ) ⊗ |ε ′ . The point is that G depends on neither ε nor |χ in , but the fixed G can perform the manipulation by ε if an appropriate |ε is provided. The device to manipulate a state in such a way is called a programmable quantum processor (in short, processor) [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] , because the function of the processor is programmed via |ε . Moreover, if a processor can be programmed to perform an arbitrary ε, it is called a universal processor. The standard teleportation scheme thus offers the function as a universal processor [6] , because |ε is defined for an arbitrary ε as |ε = (1 1 ⊗ ε)|ψ − AB . Note that, since the form of |ε is known for given ε, we can generate it by various methods, and therefore an arbitrary state-manipulation can be replaced with a state-preparation as in Refs. [7, 17] . Note further that, even if |ε is generated by applying ε to |ψ − AB , we can receive a considerable benefit such that we can perform ε before getting an input state |χ in , i.e., the time-ordering of these two events can be exchanged [18, 19, 20] .
Unfortunately, however, the universal processor based on the standard teleportation scheme only works in a probabilistical way. This is because Bob's unitary transformation σ k with k = 0 generally does not commute with ε, and hence σ k ε(σ k |χ in ) = ε(|χ in ) in general for k = 0. As a result, the success probability of the universal processor is 1/4.
On the other hand, in the teleportation scheme proposed by Knill, Laflamme, and Milburn (KLM) [17, 21, 22, 23, 24] , Bob has multiple (N ) output ports and obtains the teleported state by selecting one of the N ports according to the outcome of Alice's measurement. To complete the teleportation, Bob further needs to apply a unitary transformation (phase shift) to the state of the selected port, as well as the standard teleportation scheme. As shown in Ref. [25] , however, the teleportation scheme such that Bob simply selects one of the N ports (without any additional unitary transformation) is also possible The setting of the teleportation scheme considered in this paper. Bob has multiple output ports and obtains the teleported state by simply selecting one of the N ports according to the outcome (i) of Alice's measurement. To complete the teleportation, no unitary transformation to each output port is necessary because the state of one of the N ports becomes the teleported state as it is.
( Fig. 1 ). In fact, the faithful and deterministic teleportation is asymptotically achieved in the limit of N → ∞ [25] . Let |ψ be an entangled state employed for this teleportation scheme (see Fig. 1 ), and ε ⊗N denote the operation of applying ε to every output port. Since the operation of simply selecting a port always commutes with ε ⊗N , if the state |ε = (1 1 ⊗ ε ⊗N )|ψ is employed for the teleportation, Bob obtains ε(|χ in ) as an output of the teleportation procedure, regardless of which port is selected. In this way, this teleportation scheme can provide a faithful and deterministic universal processor in the asymptotic limit of N → ∞ [25] . Note, however, that such a teleportation scheme must be an approximate and/or probabilistic one if N is finite, which is a consequence of the no-go theorem of a faithful and deterministic universal processor with finite system size [6] .
In this paper, the scheme of quantum teleportation, where Bob simply selects one of the N ports, is thoroughly studied. We consider both deterministic version and probabilistic version of the teleportation scheme, and analytically determine the optimal protocols. The corresponding optimal fidelity or optimal success probability are shown as a function of N . This paper is organized as follows: The deterministic (and hence approximate) version of our teleportation scheme is formulated in Sec. II. The operator ρ defined there [Eq. (6) ] plays an important role for determining the optimal protocols, and hence the characteristics of ρ is investigated and summarized in Sec. III. In Sec. IV, we determine the optimal protocols of the deterministic version, where we consider two cases: (i) the state |ψ employed for the teleportation is fixed to a maximally entangled state, and (ii) the state |ψ is also optimized as well as Alice's measurement. The probabilistic version is then formulated in Sec. V, and the optimal protocols are determined in Sec. VI, where we again consider two cases (i) and (ii) as in Sec. IV. The simplest example of the probabilistic scheme with N = 2 is explicitly shown in Sec. VII. Moreover, the entanglement properties are discussed in Sec. VIII. In particular, we focus on the amount of entanglement consumed during the teleportation procedure. Finally, a summary is given in Sec. IX.
II. DETERMINISTIC VERSION
In the deterministic version of our teleportation scheme, Bob always accepts the state of one of the N ports as the teleported state, i.e., the teleportation is regarded to succeed with unit probability. As mentioned in the introduction, the deterministic teleportation scheme is necessarily an approximate one if N is finite. The optimal protocol is then such that it maximizes the teleportation fidelity f averaged over all uniformly distributed input pure states. Since the average fidelity is given by f = (2F + 1)/3 [26] , the optimal protocol also maximizes the entanglement fidelity F .
Consider that Bob has N qubits: B 1 , B 2 , · · · , B N , where each corresponds to the output port of the teleportation. Alice also has N qubits: A 1 , A 2 , · · · , A N , which are denoted by A as a whole. The state |ψ on these 2N qubits is employed for teleporting an unknown state of the C qubit (see Fig. 1 ). Note that the entanglement fidelity F is maximized when the state employed for the teleportation is a pure state because of the convexity of F . Without loss of generality, |ψ can be written as
where |ψ − = (|01 − |10 )/ √ 2 is a maximally entangled state (spin-singlet state) and O is an arbitrary operator that satisfies trO † O = 2 N so that |ψ is normalized. Alice then performs a joint measurement with N possible outcomes (1, 2, · · · , N ) on the A and C qubits. The measurement is described by a positive operator valued measure (POVM) whose elements are {Π i } such that N i=1 Π i = 1 1 AC . Suppose that she obtains the outcome i. She then tells the outcome to Bob via a classical communication channel, and he discards the (N − 1) qubits of B 1 B 2 · · · B i−1 B i+1 · · · B N , which are briefly denoted byB i . The state of the remaining B i qubit, which is regarded as the B qubit, is the teleported state.
The corresponding teleportation channel, which maps the density matrices acting on the Hilbert space H C to those on H B , is thus
with
where
The entanglement fidelity F for the above channel Λ is then given by
Note that Π i is changed into an operator acting on H A ⊗ H B in the third equality of Eq. (3) because we used the relationship that (V ⊗ 1 1)|ψ 
where X = O † O and thus X ≥ 0, and trX = 2 N .
Hereafter, the subscript of AB in bothΠ i and σ (i) is omitted for simplicity.
The optimal protocol is then obtained by maximizing F given by Eq. (3) with respect to {Π i } and X under the constraints of Eqs. (4) and (5) . Note that it is possible to consider a more general setting where Alice has N A qubits (N A ≥ N ). This corresponds to consider a 2 NA × 2 N matrix of O and 2 NA+1 × 2 NA+1 matrices of Π i . Even in this case, however, X andΠ i to be optimized is a 2 N ×2 N and 2 N +1 ×2 N +1 matrix, respectively, and hence the optimal X andΠ i (and thus the optimal F also) are not changed even for N A > N . Therefore, the strategy of employing N A > N qubits is not helpful for the purpose of increasing the average fidelity.
For obtaining the optimal protocol of the deterministic version, and of the probabilistic version also, the operator ρ defined as (6) plays an important role. Therefore, before discussing the optimal protocols, we investigate and summarize the characteristics of ρ in the next section.
III. CHARACTERISTICS OF ρ
Based on the correspondence between qubits and 1/2 spins, |0(1) ↔ | 
The corresponding eigenstates are
where |Φ [N ] (j, m, α) = |j, m, α denotes the orthogonal basis of N -spin systems, i.e., the basis of irreducible representation of SU (2) ⊗N . Therefore, j in Eq. (7) represents the spin angular momentum of the N -spin system (A qubits), and hence j runs from j min to N/2 where j min = 0 (1/2) when N is even (odd). Note that |Ψ(λ ∓ j ; m) are also the eigenstates of the total spin angular momentum (s) of the (N +1)-spin system (A and B qubits), and hence ρ is block-diagonal with respect to s. The total spin is given by s = j ± 1/2 for |Ψ(λ 
The nonvanishing Clebsch-Gordan (CG) coefficients in Eq. (8) are given by
2 )/(2j 1 + 1), (10)
The proof of the eigenvalue equation
is presented in Appendix A. The N -spin eigenbasis |Φ [N ] are obtained recursively; ] are (N − 1)-spin eigenbasis of the first (N − 1) spins (Ā N qubits) and |Φ [1] are the 1/2-spin state of the A N qubit. Hence, |Φ
[N ] (j, . . . ) is classified into two; one is the linear combination of
We call the former (latter) are of the type-I (II). Those are given by
and
According to the different types of |Φ [N ] , eigenstates |Ψ(λ ∓ j ; m) are also classified into two types as follows:
Here, the additional degree of freedom of the (N − 1)-spin eigenbasis |Φ [N −1] was specified by β, which takes . Namely,
holds with U (j) being a unitary matrix.
As mentioned above, ρ is block-diagonal with respect to the total spin angular momentum s, and let us denote the block-matrices by ρ(s).
The degeneracy of λ 
Likewise, the degeneracy of λ (21) where the first and the second term on the left hand side originates from |Ψ I (λ + s+1/2 ; m) and |Ψ II (λ + s+1/2 ; m) , respectively. Moreover, we have
Let us now introduce the states of
Using these states, σ (i) of Eq. (2) is written as
where s min = 0 (1/2) when N − 1 is even (odd). From Eqs. (19), (20), (22) and (23), and noting the orthogo-
where y is arbitrary real, and
Note that c(s, y) depends only on s (for a fixed y and N ). As a result, it is found that both ρ and σ (i) are simultaneously block-diagonal with respect to s, and hence the block-matrices ρ(s) and σ (i) (s ′ ) are orthogonal to each other for s = s ′ .
IV. OPTIMAL FIDELITY A. Maximally entangled |ψ
Let us first consider the case where the state |ψ employed for the deterministic teleportation is fixed to a maximally entangled state, i.e., |ψ = |ψ − ⊗N . This corresponds to the case where X is fixed to X = O † O = 1 1, and only the measurement performed by Alice is optimized to maximize the average fidelity f . As shown in Ref. [25] , the optimal measurement is the square-root measurement (SRM) (also known as a pretty good measurement or least-squares measurement) [28, 29, 30, 31, 32, 33] . The optimal POVM elements are thus where ρ −1 is defined on the support of ρ, and we implicitly assume that the excess term
is added to every Π i so that the POVM elements sum to identity. Note that trσ (i) ∆ = 0. From Eqs. (25) and (26), the optimal entanglement fidelity is calculated as
The corresponding average fidelity f as a function of N is plotted by closed circles in Fig. 2 . For N ≥ 3, the fidelity exceeds the classical limit f cl = 2/3, which is the best fidelity via a classical channel only [26] . For N → ∞, we find that F → 1 − 3/(4N ), and hence
The above protocol of employing maximally entangled |ψ and SRM can be easily extended to the case of teleporting an unknown state of a qudit (ddimensional system), where |ψ = |φ + ⊗N with |φ
k=0 |kk , and the POVM elements are given by Eq. (27) with
As mentioned in Ref. [25] , the average fidelity is lower bounded as
The proof is presented in Appendix B.
To investigate the property of the teleportation channel Λ [Eq. (1) extended to the qudit case], let us consider the state isomorphic to the channel:
was used in the second equality. Since σ 
B. Optimal |ψ
Let us next consider the case where both |ψ and Alice's measurement are optimized. The optimal POVM elements arẽ
where y(s) is defined through
and z(s) is given by
Note that the form of the optimalΠ i resembles the form of SRM, but y(s) is not generally equal to 2; it is a function of s (and N ). In this way, the optimal measurement becomes, say, the generalized SRM if both |ψ and Alice's measurement are optimized. Note further that we implicitly assume that the excess term∆ is added to everyΠ i , as in the case of SRM, so that the POVM elements sum to X ⊗ 1 1 [see Eq. (4)]. The optimal state |ψ is specified through X given by
where 1 1(j) A is the identity on the subspace spanned by
For the above choice of {Π i },
is the identity on the support of ρ ∓ (s) [see Eq. (17)]. Using
and the following relation:
obtained from Eq. (8) and the CG coefficients, we have
Therefore, the constraint of Eq. (4) can be satisfied for an appropriate choice of∆ ≥ 0. Moreover, since trX = 2
the constraint of Eq. (5) is also satisfied. The optimal entanglement fidelity is then calculated as
where D(s) has been defined in Eq. (33) . The corresponding average fidelity
is plotted by open circles in Fig. 2 . The optimality of Eq. (41) is proved in Appendix C. Since both |ψ and Alice's measurement are simultaneously optimized, this is the best fidelity in the teleportation scheme such that Bob simply selects one of the multiple qubits. It is found from the figure that the best fidelity is nearly achieved by the protocol of employing maximally entangled |ψ and SRM. Note 
V. PROBABILISTIC VERSION
In the probabilistic scheme, the teleportation sometimes fails, but if the teleportation succeeds, the state is faithfully teleported with perfect fidelity f = 1. The optimal protocol is then such that it maximizes the average success probability.
Let {Π 0 , Π 1 , Π 2 , · · · , Π N } be the POVM elements of Alice's measurement. Suppose that the teleportation fails if Π 0 is obtained in her measurement; otherwise, when Π i with i = 0 is obtained, the teleportation faithfully succeeds, where the state of the B i qubit is exactly equal to the input state of the C qubit (see Fig. 1 ). As in the case of the deterministic version discussed in Sec. II, the teleportation channel is given by Eq. (1) (when the teleportation succeeds). However, the channel is tracenonpreserving in this case, and
corresponds to the success probability (when the input state is σ in ). The success probability p averaged over all uniformly distributed input pure states is then given by
where we again introducedΠ i = (O † ⊗1 1)Π i (O⊗1 1). Note that p agrees with the success probability when half of P − CD is teleported as in the entanglement swapping. The entanglement fidelity is thus given by
AB .
Since F = 1 for the faithful teleportation, it is found that trΠ i (1 1 − P − ) AiB = 0 must hold for i = 1, 2, · · · , N . This implies thatΠ i must have the form of
where {Θ i } with i = 1, 2, · · · , N must satisfỹ Θ i ≥ 0 and
because Π i ≥ 0 and
Here, we again introduced X = O † O, which must satisfy Eq. (5). The average success probability is then written as
Therefore, the optimal protocol of the probabilistic version is obtained by maximizing p given by Eq. (47) with respect to {Θ i } and X under the constraints of Eqs. (46) and (5).
VI. OPTIMAL SUCCESS PROBABILITY A. Maximally entangled |ψ
Let us first consider the case where the state |ψ is fixed as |ψ = |ψ − ⊗N , i.e., X = O † O = 1 1, and only the measurement performed by Alice is optimized to maximize the success probability p. The optimal POVM elements are given bỹ
where 1 1(s)Ā i is the identity on the subspace spanned by 46) is satisfied. The optimal success probability is then calculated as
which is plotted by closed circles in Fig. 3 . Moreover, we find
and therefore, this protocol achieves the unit success probability in the asymptotic limit of N → ∞. The optimality of Eq. (50) is proved in Appendix D.
B. Optimal |ψ
Let us next consider the case where both |ψ and Alice's measurement are optimized simultaneously. The optimal POVM elements are given bỹ
with h(N ) = 6/[(N + 1)(N + 2)(N + 3)]. The optimal state |ψ is specified through X given by
(54) For the above choice,
where 1 1 ∓ (s) is given by Eq. (36) . Using
and Eq. (38), the fulfillment of Eq. (46) is confirmed in the same way as Eq. (39). The constraint of Eq. (5) is also satisfied because
The optimal success probability is then
which is plotted by open circles in Fig. 3 . The optimality of Eq. (56) is proved in Appendix E. Here, let us recall that the success probability in the KLM scheme is equal to p = 1−1/(N +1) [17] . Comparing this and Eq. (56), it is found that the number of ports N in our scheme must be just three times larger than that of the KLM scheme to achieve the same success probability. Therefore, this three times increase of the number of ports is, in some sense, regarded as the cost we have to pay to remove Bob's unitary transformation. It has been shown in Ref. [22] that the success probability of the (probabilistic) KLM scheme is maximized when a maximally entangled state is employed. On the other hand, in contrast to the KLM scheme, the success probability in our scheme is considerably enhanced by optimizing |ψ as shown in Fig. 3 . This implies that nonmaximally entangled |ψ can provide considerably larger success probability than that of a maximally entangled |ψ . Interestingly, we have from Eq. (54)
Namely, although the optimal |ψ is non-maximally entangled in the
qubit is still maximally entangled with the other qubits, with both A andB i qubits, in a complicated manner. Note that this is also the case for the optimal |ψ in the deterministic version discussed in Sec. IV B; we have σ Bi = 1 1/2 by using Eq. (34), although the optimal fidelity is nearly achieved by the maximally entangled |ψ as was shown in Fig. 2 , in constrast to the success probability.
VII. EXAMPLE
Now, let us show the explicit form of the optimal |ψ and the optimal POVM elements of Alice's measurement in the simplest case of N = 2 in the probabilistic scheme. From Eq. (56), the optimal success probability in this case is p = 2/5. From Eq. (54) for N = 2, we have
where A = A 1 A 2 and |ψ ± = (|01 ± |10 )/ √ 2. The optimal |ψ is thus |ψ = 1 10 |ψ
From Eq. (52) for N = 2, we haveΘ 1 = (4/5)1 1 A2 , and hence
where {|η − , |η + } are orthogonal states given by
The POVM element Π 2 is given by A 1 ↔ A 2 in Eq. (58) [and thus, only |x ± is replaced with (1/2)(±|ψ
. It is then easily confirmed that
and hence
Therefore, the state of the C qubit is certainly teleported to the B 1 qubit faithfully, when Alice obtains Π 1 in her measurement (the coefficient on the right hand side represents the success probability of p/N = 1/5). Here,
is the residual state after the teleportation is successfully completed.
VIII. ENTANGLEMENT CONSUMPTION
Here, let us briefly discuss the entanglement properties in the probabilistic scheme. In the explicit example for N = 2 shown in the previous section, Alice and Bob initially share the state |ψ given by Eq. (57). Using σ A = tr B1B2 |ψ ψ|, the amount of the entanglement of |ψ is calculated to be E ini = −trσ A log 2 (σ A ) ≈ 1.90 ebits (entanglement bits), which is less than the possible maximal amount of 2 ebits for N = 2 (the optimal |ψ is non-maximally entangled as mentioned in Sec. VI). When Alice obtains Π 1 in her measurement, the state of the C qubit is faithfully teleported to the B 1 qubit, i.e., the B 1 qubit is used for receiving the teleported state. However, Bob still has the B 2 qubit, and as a result, Alice and Bob still share the residual state |ψ res ACB2 given by Eq. (59) after the teleportation is completed. The entanglement of |ψ res (in the AC : B 2 cut) is calculated to be just E res = 1 ebit. Therefore, when the teleportation succeeds, only E ini − E res = 0.90 ebits are violated (or consumed), in spite that a state of a single qubit is faithfully teleported. Figure 4 shows such a comparison for general N , where the entanglement of |ψ and |ψ res is plotted by circles and rectangles, respectively. It is found from the figure that the entanglement consumption is less than 1 ebit even for N > 2; rather, the amount of the consumption gradually decreases for increasing N (≈ 0.52 ebits for N = 50).
This implies that the entanglement between Alice and Bob even increases if they try to teleport half of a maximally entangled state as in the entanglement swapping (and if the teleportation is successfully finished). This is because Alice and Bob newly share 1 ebit by the entanglement swapping, while the entanglement consumption is less than 1 ebit as shown above. For this peculiar feature in our probabilistic teleportation scheme, the use of the optimal |ψ is crucial; if |ψ is fixed to a maximally entangled state as discussed in Sec. VI A, we have E ini = N and E res ≤ N − 1 because the number of Bob's qubits involved in |ψ res is (N − 1), and hence the entanglement consumption in this case always satisfies E ini − E res ≥ 1 (in fact, E ini − E res ≈ 1.009 and 1.004 for N = 10 and N = 50, respectively). Note that the peculiar feature of the increase of entanglement, of course, does not contradict the laws of entanglement, because the scheme discussed here is the probabilistic one and the probabilistic increase of entanglement by local operations and classical communication (LOCC) has not been prohibited by the laws of entanglement.
Let us then evaluate the average amount of the residual entanglement. When Alice obtains Π 0 , the teleportation fails where the residual state generally depends on the input state to be teleported. Moreover, if the input state is a mixed state, the residual state is also a mixed state. Since the evaluation of the entanglement for such a mixed state is a very hard task, let us consider the worst case where the entanglement of the residual state when the teleportation fails is regarded to be zero. Using the success probability p of Eq. (56), the average residual entanglement in this worst case is given by pE res , which is plotted by triangles in Fig. 4 . The corresponding average amount of the entanglement consumption (E ini − pE res ) is roughly 2.2 ebits for N = 10, and for N = 50 also (the inset of Fig. 4) . In this way, in our probabilistic teleportation scheme, although Alice and Bob must initially share much entanglement of O(N ) ebits (see the inset of Fig. 4) , only a few ebits are consumed on average during the teleportation procedure. It may be said that the most of the initial entanglement is only used as a working space.
IX. SUMMARY
In this paper, we have considered the scheme of quantum teleportation, where Bob has multiple (N ) output ports and obtains the teleported state by simply selecting one of the N ports. We investigated both deterministic version and probabilistic version of the teleportation scheme aiming to teleport an unknown state of a qubit, and analytically determined the optimal protocols. All protocols shown in this paper can asymptotically achieve the perfect teleportation (i.e., faithful teleportation with unit success probability) in the limit of N → ∞.
In the deterministic version of the teleportation scheme, if the state |ψ employed for the teleportation is fixed to a maximally entangled state, the optimal measurement performed by Alice is the square-root measurement, where the optimal fidelity is given by Eq. (29) [or Eq. (30)]. If both |ψ and Alice's measurement are simultaneously optimized, the generalized square-root measurement becomes optimal. The optimal fidelity in this case is given by Eq. (42).
In the probabilistic version, the optimal success probability is given by Eq. (50) [or Eq. (51)] if |ψ is fixed to a maximally entangled state, and given by Eq. (56) if |ψ is also optimized. In contrast to the KLM scheme (and in contrast to the deterministic version of our scheme also), the success probability is considerably enhanced by optimizing |ψ ; namely, the use of the non-maximally entangled |ψ provides a considerable benefit than the use of the maximally entangled |ψ . Moreover, we showed that the scheme is not inefficient concerning the entanglement resource, because only a few ebits are consumed on average even for large N . If the optimal |ψ is employed for the entanglement swapping, the amount of entanglement even increases when the teleportation is successfully completed.
Note finally that the form of the optimal fidelity Eq. (42) and the form of the optimal success probability Eq. (56) are relatively simple (although the corresponding optimal |ψ and Alice's measurement are not). Those are the achievable upper bounds in the general setting of selecting one of N qubits assisted by classical communication. In this paper, those bounds were obtained by the direct optimization, but it will be important to study further how those bounds of having the simple form are related to the fundamental laws of physics. For instance, is it possible to derive those bounds only from the nosignaling condition? This seems an intriguing and important open problem. and introduce m ± = m±1/2, m ±± = m±1 and similarly for j.
Since Eq. (A1) is obvious for N = 1, our aim is reduced to proving Eq. (A1) under the assumption that Eq. (A1) with N → N − 1 holds true. To this end, we write |Ψ [N ] in terms of |Ψ [N −1] as follows.
|Ψ
[N ]
Equations ( 
and these are further written in terms of |Φ [N −1] . Here, we again attached a superscript [N ] to eigenvalues λ (14) and (15) with
Putting these two results together (and after lengthy calculations), we can see the desired eigenvalue equation,
This completes the proof.
APPENDIX B: PROOF OF EQ. (31)
The proof is based on the technique used in the HoleveSchumacher-Westmoreland (HSW) theorem [34, 35] . Let us denote the eigenstates of σ (i) by |k (i) , and hence
where x 2 ≥ 2x − 1 was used in the second inequality, and 2(1 1− Γ 1/2 ) ≤ 21 1− 3Γ+ Γ 2 was used in the last inequality [34, 35, 36] . Since The problem of maximizing F given by Eq. (3) under the constraints of Eqs. (4) and (5) is a semidefinite program [37] and thus has the dual problem. Since the Lagrange function is
where Ω and a are the Lagrange multipliers, the dual problem is of minimizing F = 2 N −2 a subject to
Let us take a = 1 2 N −2 cos Since any feasible solution of the dual problem gives an upper bound of the original problem [37] , and F = 2 N −2 a agrees with Eq. (41), it is then enough to show that the above Ω is a feasible solution, i.e., Ω satisfies the constraints of Eq. (C1). It is found from Eq. (8) and hence the third constraint of Eq. (E1) is also satisfied.
